Introduction
Let G be a finite group. The integral group ring of G is denoted by ZG and V(ZG) denotes the subgroup of the unit group U(ZG) consisting of all units with augmentation 1.
The question whether torsion subgroups of V(ZG) are isomorphic (or even conjugate) to subgroups of G has a long history. By [Her01] we know that in general the answer is negative, i.e. V(ZG) may have torsion subgroups which are not isomorphic to subgroups of G. The smallest counterexample is that one constructed by M. Hertweck and has derived length four and order 2 21 · 97 28 . However for many important classes of groups the question is open. Thus the following question is in the focus of present research.
The subgroup isomorphim problem SIP. Let H be a given finite group Suppose that whenever H occurs as subgroup of V(ZG) then H is isomorphic to a subgroup of G. Then we say that the subgroup isomorphism problem for H has a positive answer.
Note that SIP contains the isomorphism problem IP for integral group rings (i.e. the question whether ZG ∼ = ZH implies G ∼ = H). Thus if SIP has a positive answer for H, also the isomorphism problem has a positive solution. Consequently classes of finite groups for which IP is valid are of special interest for SIP.
SIP is especially open for the case when H is abelian or when H is a p-group. In this article we shall concentrate on the situation of p-subgroups. SIP for p-groups leads naturally to the question of a Sylow or a Sylow like theorem in V(ZG). We say that a Weak Sylow like theorem, if for each prime p each finite p-subgroup of V(ZG) is isomorphic to a p-subgroup of G.
The word "Sylow like" is justified, because conjugacy takes place in QG. Although for abelian G any p-subgroup of V(ZG) is a subgroup of G, in general a finite p-subgroup of V(ZG) is not conjugate within ZG to a subgroup of G. Already in the integral group ring of the smallest nonabelian group S 3 there are different conjugacy classes of involutions in V(ZS 3 ), cf. [Kim13, p. 103] 
Evidence that a Sylow like theorem for integral group rings is valid is given by the fact that in GL(n, Z) a strong Sylow like theorem holds [AP78] and that it holds when G is a p-group by the celebrated results of Roggenkamp -Scott [RS87] and Weiss [Wei88] . Indeed it is an open question, whether a strong Sylow like theorem holds for each finite group G. As a first goal however may serve a weak Sylow like theorem which is obviously equivalent to a positive answer to SIP for p-groups. If a Sylow like theorem (strong or weak) is established for a single prime q we say that it holds with respect to q.
In the first section we give a survey on known results concerning Sylow like theorems for integral group rings. With respect to solvable groups many positive results are known. Thus insolvable and also simple groups are nowadays objects of investigations. In Section 2 we complete the proof that a strong Sylow like theorem is valid provided G is a Frobenius group. Section 3 deals with simple linear groups. The so-called HeLP -method permits in many situations positive answers. However, we show that for G = P SL(2, p 2 ), p ≥ 7 or G = P SL(3, 3) open questions show up. We construct explicit subgroups in QG. If these subgroups would be in ZG they would establish a counterexample to SIP for p-groups and to any kind of a Sylow like theorem.
Finally in Section 4 we show that embedding of ZG into a suitable larger group ring ZH each unit of order p is conjugate within QH to an element of G.
Known results
Throughout we consider integral group rings of finite groups. The following classical results provide the basis of all investigations. [Her06b, HK02] for details. Clearly the F * -theorem and Theorem 2.3 establish the proof of Theorem 2.4. In contrast to Theorem 2.2 the F * -theorem does not make any statements on torsion p-subgroups which are not contained in a group basis. The example given in [RT92, XIV, §2,2.1 Proposition] shows that in the 2-adic group ring Z 2 S 4 exist two non conjugate subgroups of order 8. So even under the assumptions of the
Whether a Sylow like theorem holds for all solvable groups is still an open question. A minimal counterexample to this has by Theorem 2.3 the property that its Fitting subgroup is a p-group. This explains why an extension of the F * -theorem to torsion subgroups is highly desired.
If one assumes that Sylow p-subgroups of G have a special structure much more is known. This is especially the case when G has abelian or quaternion Sylow subgroups. We collect the known results in one theorem. Theorem 2.5 a) establishes SIP for groups of the form C p × C p with any prime p. The only other non-cyclic group for which SIP is known is C 4 × C 2 [Mar15] .
Certainly further results with respect to general finite groups are missing. At least for small abelian Sylow 2-subgroups it is known that a strong Sylow like theorem holds. 
Frobenius Groups
Example 3.1. Let G be the covering group of the symmetric group of degree 5 whose Sylow 2-subgroup is a generalized quaternion group. We show that a Strong Sylow like theorem holds for V(ZG).
The GAP-Id of G is [240, 89]. The Sylow 2-subgroup of G is a generalized quaternion group of order 16 and the Sylow 3-and 5-subgroups of G are cyclic. Thus by Theorem 2.5 any p-subgroup of V(ZG) is isomorphic to a subgroup of G. By [BH08, Example 1] the Zassenhaus Conjecture holds for G. This implies that any 3-or 5-subgroup of V(ZG) is rationally conjugate to a subgroup of G. So let U ≤ V(ZG) be a 2-group and let P be a Sylow 2-subgroup of G. If U is cyclic it is rationally conjugate to a subgroup of P again by [BH08, Example 1].
So assume U is not cyclic, then U is a (generalized) quaternion group of order 8 or 16. The group G has exactly one maximal normal subgroup N , which is isomorphic to SL(2, 5), and contains exactly two conjugacy classes of elements of order 4. Let a and b be representatives of these classes, such that a lies in N while b does not. Since N has index 2 in G there is a one-dimensional representation σ of G mapping N onto 1 and elements outside of N onto −1. Assume first that U is of order 8 and let U be generated by u and v. Both generators are rationally conjugate to elements of G. If one knows to which elements of P the units u and v are conjugate one also knows to which elements u i v j are conjugate -this may be read of from the value of σ. Let c and d be elements of P such that u is rationally conjugate to c, v is rationally conjugate to d and c, d is a quaternion group of order 8, this construction is always possible in G. Then the isomorphism ϕ : U → c, d mapping u to c and v to d preserves the character values of all irreducible complex characters and hence U and c, d are rationally conjugate by [Val94, Lemma 4]. In the same manner one handles the case when U has order 16. Let U = u, v such that u has order 8 and v has order 4. Once we know to which group elements u and v are rationally conjugate σ again provides this information for u i v j . This allows again to construct a character value preserving isomorphism between U and P . Proof. By [DJPM97, Theorem 6.1] we may assume that the symmetric group of degree 5 is an image of G and we only have to show that any 2-subgroup U ≤ V(ZG) is rationally conjugate to a subgroup of G. This implies that the Frobenius kernel N of G is of odd order and by Theorem 2.3 we may proceed to G/N which is isomorphic to a Frobenius complement K. By [Pas68, Theorem 18.6] K contains a normal subgroup K 0 of index 1 or 2 such that K 0 ∼ = SL(2, 5) × M where M is a characteristic normal subgroup of K 0 of odd order. Again by Theorem 2.3 we may proceed to K/M and this group contains SL(2, 5) as a normal subgroup of index 1 or 2. If K/M ∼ = SL(2, 5), the group G can not map onto S 5 , thus K/M is of order 240. By [Pas68, Theorem 18.1] the Sylow 2-subgroup of K/M is a generalized quaternion group. Up to isomorphism there is only one non-solvable group of order 240 whose Sylow 2-subgroup is a generalized quaternion group -it is the group handled in Example 3.1. Hence a strong Sylow like theorem holds for K/M and then also for G.
Crucial examples for simple linear groups
In order to extend the known results from classes of more or less solvable groups to general finite groups it is a first step to consider nonabelian simple groups and their relatives. In this section we provide explicit examples where the known methods fail to prove a Sylow like theorem for V(ZG). We first describe a technical ingredient.
Let x G be the conjugacy class of the group element x in G and let u = g∈G z g g ∈
ZG.
Then ε x (u) = g∈x G z g is called the partial augmentation of u with respect to x.
Sometimes ε x (u) is also denoted as ε x G (u). The relevance of partial augmentations for rational conjugation of units is provided by [MRSW87, Theorem 2.5]: A unit u ∈ V(ZG) is rationally conjugate to an element of G if and only if ε x (u) ≥ 0 for all x ∈ G. We start with an example for the strong Sylow like theorem. Proof of Theorem 4.1: Let P be a Sylow p-subgroup of G and let U ≤ V(ZG) such that U ∼ = C p × C p . By [Her07, Proposition 6.1] for every u ∈ U there exists a g ∈ P such that ε C (u) = ε C (g) for all conjugacy classes C of G. In case p = 2 there is only one conjugacy class of involutions in G and thus any u ∈ U is rationally conjugate to any g ∈ P . In particular any isomorphism between U and P fixes the character values for all complex irreducible representations of G. Hence U and P are rationally conjugate because the character determines an ordinary representation up to equivalence, see also [Val94, Lemma 4] .
So assume p ≥ 3. There are two conjugacy classes of elements of order p in G, let c and d be representatives of these classes. Note that any non-trivial power of an p-element is conjugate to the element itself. This may be seen e.g. since the values of all irreducible characters are rational for c and d. In a first step we prove.
Claim: There are exactly
elements of U which are rationally conjugate to c and
which are rationally conjugate to d. We will apply the non-cyclic HeLP-method as described in [BM15] with the character η given in Table 1 . Let u ∈ U be a fixed element and let x be the number of cyclic subgroups of U rationally conjugate to u . Then there are p + 1 − x cyclic subgroups of U not being rationally conjugate to u . Let η(v) ∈ {η(c), η(d)} such that η(v) = η(u). Let χ be a non-trivial character of U such that ker(χ) = u . Then
and α∈ t \1 χ(α) = −1 for any t ∈ U \ u . Hence
Since η, χ U is a non-negative integer and 0 ≤ x ≤ p + 1 this implies x = p+1 2 and the claim is proven.
So let u, v ∈ U such that u is rationally conjugate to c and v is rationally conjugate to d. Then U is rationally conjugate to P if and only if there exist g, h ∈ P such that g is conjugate to c, h is conjugate to d and uv i is rationally conjugate to gh i for any 1 ≤ i ≤ p − 1 by [Val94, Lemma 4]. Let I be a subset of {1, . . . , p − 1} such that uv i is rationally conjugate to u if and only if i ∈ I. By the above claim I contains exactly p−1 2 elements. If p = 3 or p = 5, then for any I we can find suitable g, h ∈ P and U is thus rationally conjugate to P . This proves part a) of the theorem.
We will show next that for any choice of I there is a U ′ ≤ V(ZG), such that u × v = U ′ ∼ = C p × C p , realizing that choice and this will imply part b) of the theorem, since for p = 7 the choice I = {1, 2, 4} does not correspond to any choice of g, h ∈ P and for p ≥ 11 this already follows from combinatorics since we can fix g without loss of generality and there are then
There are exactly two irreducible complex characters of G which do not take the same values on c and d. Apart from η given in Table 1 this is a characterη, wherẽ
In any other Wedderburn component of QG the groups P and U ′ are then conjugate. Since η andη take different values on elements of U ′ , which would otherwise contradict that any element of U ′ is rationally conjugate to an element of P , it suffices to construct u and v in the Wedderburn component corresponding to η. For that let A be any rational (p − 1) × (p − 1)-matrix of order p, e.g. the normal rational form of such a matrix. Denote by E p−1 the identity matrix of size p − 1. Writing in block form set We proceed with an example where the known methods fail to prove a weak Sylow like theorem. Recall that the Sylow 3-subgroup if PSL(3, 3) is a non-abelian group of order 27 with exponent 3. Proof. The Sylow 3-subgroup of G is a non-abelian group of order 27 and exponent 3. There are two conjugacy classes of elements of order 3 in G. Let a and b be representatives of these classes such that a is central in some Sylow 3-subgroup of G. Note that the character values of a and b are all rational, implying that any unit u ∈ V(QG) whose partial augmentations vanish on conjugacy classes not of order 3 is rationally conjugate to its inverse. Assume first that the Zassenhaus Conjecture holds for G. Since up to isomorphism there is only one non-abelian group of order 27 and exponent 3 to prove part a), by Theorem 2.1, it is sufficient to show that V(ZG) contains no elementaryabelian group U of order 27. Let x be the number of cyclic subgroups of U whose non-trivial elements are rationally conjugate to a and let y be the number of cyclic subgroups of U whose non-trivial elements are rationally conjugate to b. Then 0 ≤ x, y ≤ 13 and x + y = 13. Let χ be a complex irreducible 16-dimensional character of G, then χ(a) = −2 and χ(b) = 1. It follows that We proceed by constructing an elementary-abelian group U of order 27 in V(QG) such that U = α × β × γ and the elements of U have the following partial augmentations. The partial augmentations on classes of order different from 3 vanish for all non-trivial u ∈ U , moreover (ε a (α), ε b (α)) = (3, −2) and (ε a (x), ε b (x)) ∈ {(1, 0), (0, 1)} for any other non-trivial u ∈ U such that
Restricting our attention to the degree of a character and its values on a and b any irreducible complex character of G may be constructed as a linear combination with non-negative integer coefficients of characters being equal on a and b and the two characters given in Table 2 . Table 2 . Two characters of PSL(3, 3).
It thus suffices to construct U in the two blocks of QG corresponding to these two characters. For that let A be some rational 2 × 2-matrix of order 3, e.g. 0 −1 1 −1 , and denote by E a 2 × 2 identity matrix. In the block corresponding to χ set, writing in block matrix form, α = (E, E, E, E, E, A),
In the block corresponding to ϕ set α = (A, A, A, A, A, A, A, A),
This construction realizes the partial augmentations on the elements of U as given above.
Conjugacy in larger group rings
In [Ari07, Problem 22] the first author raised the following problem: Given a unit u ∈ V(ZG), does there exist a group H containing G such that u is conjugate to an element of G within V(QH)?
This may be regarded as a Sylow like theorem "between weak and strong". M. Hertweck remarked that this is true under the assumption that u is of prime order, but never gave a proof. We embed this into a wider context and obtain Hertweck's remark as a corollary.
Theorem 5.1. Let G be a finite group, p a prime and P a p-subgroup of V(ZG) of exponent p isomorphic to some subgroup U of G. Then there exists a finite group H containing G such that P is conjugate to U within QH.
Corollary 5.2. Let G be a finite group and p a prime. a) Let u ∈ V(ZG) be a unit of order p. Then there exists a finite group H containing G such that u is conjugate to some g ∈ G within QH. b) Let U be a subgroup of V(ZG) isomorphic to C p × C p . Then there exists a finite group H containing G such that U is conjugate to a subgroup of G within QH.
Remark. The corollary applies especially to the groups P SL(2, p 2 ) considered in Theorem 4.1. Indeed in V(ZP GL(2, p 2 )) a strong Sylow like theorem holds with respect to p. Thus viewing P as a subgroup of V(ZH) for every u ∈ P we have ε c (u) = 1, if c is conjugate (within H) to c 1 , and ε c (u) = 0 otherwise. The same holds for any element u ∈ U . Hence for any isomorphism σ : P → U and any irreducible character χ of H we get χ(σ(u)) = χ(u) for every u ∈ P. So by [Val94, Lemma 4] P is conjugate to U within QH.
